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Analytical methods for azimuthal thermo-acoustic
modes in annular combustion chambers
By M. Bauerheim† AND T. Poinsot‡
1. Motivations and objectives
Large power densities in gas turbines can be accompanied by combustion instabili-
ties (Culick & Kuentzmann 2006; Lieuwen & Yang 2005) due to a coupling between the
flames and acoustics, creating high pressure and heat release oscillations in the chamber.
Such oscillations may destroy the whole propulsion system and combustion instabilities
have been a key issue for aeronautics and propulsion systems (Candel 2002; Culick &
Kuentzmann 2006; Lieuwen & Yang 2005) especially in high-performance engines (Harrje
& Reardon 1972; Culick 1987) for a long time. Full-scale experiments in this field are
difficult (Poinsot et al. 1987; Lee & Lieuwen 2003; Lee & Anderson 1999) and numerical
simulations have been used heavily to replicate the complex mechanisms involved in com-
bustion instabilities in full-scale geometries (Wolf et al. 2009; Staffelbach et al. 2009; Wolf
et al. 2010). These simulations are not sufficient to understand or control unstable modes:
low-order models and theory on simplified geometries (Dowling 1995, 1997; Kopitz et al.
2005; Nicoud et al. 2007) are needed to guide both large-eddy simulations (LES) and
experiments. Annular chambers used in gas turbines sometimes exhibit a specific class of
unstable modes: azimuthal modes (Figure 1) propagating along the azimuthal direction ~eθ
and not only in the longitudinal direction ~ez (Candel 1992; Crighton et al. 1992; Lieuwen
& Yang 2005; O’Connor et al. 2015). Mechanisms leading to azimuthal instabilities are
more complex than those encountered in longitudinal configurations. As presented in Fig-
ure 2, which focuses on neighboring burners of an annular rig (Figure 1, right), azimuthal
modes have two effects on the flame: (1) the unsteady pressure in the chamber leads to
unsteady flow rates in the burners and acts like a clock that modulates the reactant
flow rate in the burners (Figure 2-a); (2) the unsteady azimuthal velocity field induces a
transverse oscillation of the flames (Figure 2-b), especially in burners located at velocity
antinodes (Blimbaum et al. 2012; O’Connor et al. 2015). These two mechanisms can pro-
mote flame-flame interaction (Figure 2-c, also known as flame merging), but the effect
of this interaction on thermo-acoustic instabilities is not fully understood (Lespinasse
et al. 2013; O’Connor & Lieuwen 2012). Note that the mechanisms presented in Figure 2
assume that burners are compact with respect to the acoustic wavelength, an assumption
that is usually valid for azimuthal modes in annular combustors: λ ≃ 2Lc ≫ a where
λ is the azimuthal wavelength of the first mode (which is usually the strongest one),
2Lc = 2πRc is the perimeter of the annular chamber, and a =
√
4Si/π is the burner
diameter.
The situation is more complex when the annular chamber is coupled to an annular
plenum (Figure 1 right). Because they have different radii (Rp 6= Rc) and mean sound
speeds (c0u 6= c
0) and thus different resonant frequencies, azimuthal modes should exist
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Figure 1. (a): Azimuthal combustion instability (pressure fluctuations along the azimuthal
direction ~eθ) in an annular engine and zoom on two neighboring burners. (b): annular chamber
connected to N burners fed by a common annular plenum.
Figure 2. Acoustic pressure field for azimuthal combustion instabilities: the azimuthal mode
acts like a clock modulating the axial mass flow rate in the burners (a) but also creates a
transverse excitation (b). Both mechanisms can also generate flame-flame interaction (c).
only in one cavity (plenum or chamber) at a time: the two cavities are decoupled (Bauer-
heim et al. 2014b). However, experiments and simulations (Bourgouin 2014; Camporeale
et al. 2011; Bauerheim et al. 2014b) show that azimuthal modes can develop simulta-
neously in both cavities. This raises questions of how annular cavities can couple and
which cavity drives the azimuthal mode. This information is important in order to control
azimuthal modes in industrial gas turbines, which usually contain multiple cavities.
The structure of azimuthal modes is a continuous topic of discussion. Krebs et al.
(2002) proved that multiple modal structures coexist in a real gas turbine: spinning,
standing, or even mixed modes appear successively, and instabilities can switch from
one structure to another (Schuermans et al. 2006; Evesque et al. 2003). Each azimuthal
mode is composed of two components, e.g. clockwise/counter-clockwise. Depending on
the configuration, these two components can be ”degenerate” (same frequency) or ”non-
degenerate” (different frequencies and stability criteria (Perrin & Charnley 1973)). The
final mode structure is determined by the combination of these two components, which
is still an open topic today. A first LES attempt to understand this peculiar phenomenon
was carried out by Wolf et al. (2009), showing that swirlers induce a mean azimuthal ve-
locity which can modify the flame-flame or flame-acoustics interactions and influence the
occurrence of spinning or standing modes, as also observed in the Dawson’s experiment
(Worth & Dawson 2012). Schuermans et al. (2006) have also argued that at high-pressure
oscillation levels, only turning modes would survive because of non-linear effects. Noiray
et al. (2011) demonstrated that turning modes would appear only in purely axisymmetric
cases, standing or mixed modes occurring otherwise. However, the effect of the modes
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Figure 3. Annular configurations: a) Simple annulus, b) One annulus coupled with N burners
(BC), c) Two annular cavities coupled with N burners (PBC), and d) Network representation
of the annular combustor with propagation (R) and interaction (T) matrices.
structure (standing, spinning) on the flame-acoustics interactions and therefore on insta-
bilities is still an open question. For instance, the new mode pattern (“slanted mode”)
observed by the EM2C group in their academic annular combustor MICCA (Bourgouin
et al. 2015) calls for novel theoretical developments.
This paper presents recent progress in analytical methods developed for azimuthal
modes using network models. Section 2 derives key parameters controlling azimuthal
modes in order to classify them. It focuses mainly on coupled/decoupled modes (Sec-
tion 2.1) and symmetry breaking (Section 3).
2. Key features controlling azimuthal modes stability and dynamics
Annular chambers of real gas turbines are usually characterized by numerous modes
in the low frequency range (Nicoud et al. 2007; Camporeale et al. 2011): typically 10 to
30 modes can be identified in a large scale industrial combustor between 0 and 300 Hz.
One interesting issue is therefore to identify them. For example, both standing and spin-
ning (Krebs et al. 2002; Evesque et al. 2003) modes are observed in industrial configu-
rations (Krebs et al. 2002; Noiray et al. 2011; Wolf et al. 2012; Schuller et al. 2012), but
predicting which mode type will appear in practice remains difficult (Noiray et al. 2011;
Ghirardo & Juniper 2013; Ghirardo et al. 2015). Other typical categories are “longitu-
dinal vs. azimuthal modes,” “normal vs. non-normal modes,” or “modes involving only
one part of the combustor (decoupled modes) vs. modes resonating in the whole system
(coupled modes)” (Krebs et al. 2002; Lieuwen & Yang 2005; Camporeale et al. 2011;
Pankiewitz & Sattelmayer 2003). Knowing that a predicted mode with a specific nature
is driven only by a certain part of the combustor is obviously a key asset before applying
any passive control strategy (Stow & Dowling 2003; Campa & Camporeale 2014).
2.1. Coupled vs. decoupled modes
The classification of modes in annular combustors is a challenging task. Even if 3D
acoustic solvers can determine whether a mode is present in a certain part of the com-
bustor or not, they cannot describe the basic mechanisms leading to the growth of these
modes (Camporeale et al. 2011; Campa & Camporeale 2014). For instance, for combus-
tion chambers including an annular plenum coupled with an annular chamber, theory is
useful for understanding how azimuthal modes in the plenum and in the chamber can
interact or live independently.
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Figure 4. Zoom on the burner connecting the annular plenum and the annular chamber. Acous-
tic pressure (p′) and velocity (u′) in the plenum (subscript P ) and in the chamber (subscript C)
are coupled. These interactions are modeled by four coupling parameters Γk=1..4.
These issues can be studied for an annular chamber (subscript c) connected to N
burners fed by a common annular plenum (subscript p), called a plenum-burner-chamber
(PBC) configuration (c in Figure 3), using a network model (Bauerheim et al. 2014b).
The period of the first azimuthal mode of the chamber without flames is τ0c = 2Lc/c
0,
and its frequency is f0c = c
0/2Lc. For N = 1, the dispersion relation becomes
(Γ1Γ4 − Γ2Γ3) sin(2kLc) sin(2kuLp) + 2Γ1[1− cos(2kLc)] sin(2kuLp)
+2Γ4[1− cos(2kuLp)] sin(2kLc) + 4[1− cos(2kLc)][1− cos(2kuLp)] = 0, (2.1)
where k = ω/c0 and ku = ω/c
0
u. c
0 and c0u are the sound speeds in the burnt/unburnt
gases (Figure 1). As shown in Figure 4, the acoustic velocities u′ in the plenum and in the
chamber are coupled to the acoustic pressure in the burner and the flame: for instance
u′P = Γ1p
′
P + Γ2p
′
C . These interactions involve four coupling parameters:
Γ1 = −
Si
2Sp
cotan(kuLi) Γ2 =
Si
2Sp
1
sin(kuLi)
Γ3 =
Siρ
0c0
2Scρ0uc
0
u
1 + njωτ
sin(kuLi)
(2.2)
Γ4 = −
Siρ
0c0
2Scρ0uc
0
u
(1 + njωτ )cotan(kuLi). (2.3)
Γ1 is the coupling parameter associated with the plenum/burner junction, and Γ4 with
the chamber/burner junction. Γ2 and Γ3 control the interaction between the two annular
cavities. Only the coupling parameters of the chamber (Γ3 and Γ4) depend on the n− τ
flame model. This case corresponds to a pressure coupling: for example, if the azimuthal
mode imposes a pressure node in the chamber (i.e. p′c = 0), then the interactions Γ2p
′
C
and Γ4p
′
C are null, independently of the coupling parameter values. This simple case
allows the identification of three situations, for which the conclusion still holds for larger
numbers of burners:
• Fully decoupled (FD) modes: when all coupling parameters Γi are null, solutions of
Eq. (2.1) of order m are f0c = mc
0/2Lc (pure azimuthal decoupled mode in the chamber)
or f0p = mc
0
u/2Lp (pure azimuthal decoupled mode in the plenum).
• Weakly coupled (WC) modes (a in Figure 5): when coupling factors are not null
but satisfy ‖Γk=1..4,i‖ ≪ 1, solutions are close to the FD modes and can be searched as
fc = f
0
c + δf and fp = f
0
p + δf . A Taylor expansion of the dispersion relation yields the
solutions in the case where the two annular cavities are not naturally coupled, i.e. when
f0p and f
0
c are not multiples of each other
fc =
mc0
2Lc
−
c0Γ04
4πLc
and fp =
mc0u
2Lp
−
c0uΓ
0
1
4πLp
. (2.4)
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Figure 5. Stability map {Re(fc), Im(fc)} of a PBC configuration with N = 4 burners where the
FTF parameters are varied: n from 0.25 to 1.75 and τ/τ 0c from 0 to 1.0, showing the bifurcation
between WC and SC modes at n = 1.25. FD modes: crosses (plenum) and squares (chamber).
Shading emphasizes mode type.
Figure 6. Growth rate Im(fc) of the first chamber mode (m = 1) in a PBC combustor with
N = 4 burners where n = 1.57. The time-delay varies from 0 to τ 0c , where τ
0
c = 1/f
0
c . Im(fc) is
estimated by the full analytical formula fc =
c
0
2Lc
+
c
0
NΓ
0
4
4piLc
(squares), a semi-analytical resolution
(solid line) of the dispersion relation and a 3D Helmholtz solver (×).
The fp and fc modes correspond to “plenum” (WC plenum modes in Figure 5, left)
or “chamber” (WC chamber modes in Figure 5, right) modes. This result obtained for
N = 1 burner has been extended to configurations with N burners as follows (Bauerheim
et al. 2014b,a): for the WC chamber mode, the frequency scales like fc =
mc0
2Lc
−
c0NΓ0
4
4piLc
. Γ04
is the evaluation of the coupling parameter Γ4 at the frequency of the corresponding FD
mode, i.e. f = f0c . The flame delay τ is normalized by the period of the first azimuthal
mode τ0p or τ
0
c . This analytical expression is validated against a semi-analytical method
as well as a 3D Helmholtz solution in Figure 6.
• Strongly coupled (SC) modes (b in Figure 5): When the WC assumption ‖Γk=1..4,i‖ ≪
1 is not satisfied, the two annular cavities can couple and oscillate at a frequency that is
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Figure 7. Mode structure for N = 4 burners in the chamber (left and squares) and in the
plenum (middle and circles) for a WC chamber mode (top row: n = 0.5 ; τ/τ 0c = 0) and SC
mode (bottom row: n = 1.75 ; τ/τ 0c = 0.5).
not close to f0p or f
0
p . In this case, the acoustic mode cannot be identified as “plenum” or
“chamber” mode since the whole combustor resonates: a bifurcation occurs (SC modes in
Figure 5, middle) known as a veering effect (Mace & Manconi 2012). Only partially ana-
lytical solutions can be obtained in such a situation. In particular, SC modes in Figure 5
are obtained by solving the dispersion relation numerically.
This analytical study (Bauerheim et al. 2014b) allows the classification of azimuthal
modes as FC, WC and SC modes. For the first two categories, the acoustic mode is
present in only one annular cavity and can be identified as “plenum” or “chamber” mode
(Figure 7, top). However, when the flames tune one annular cavity so that it matches
the resonant frequency of the second cavity, a bifurcation in the stability map occurs:
here, the mode cannot be classified as “plenum” or “chamber” modes since the whole
combustor resonates (Figure 7, bottom). A phase-lag β, controlled by the time-delay τ ,
between the annular chamber and the plenum is observed in Figure 7 for both WC and
SC regimes. In the WC case, τ/τ0c = 0 leads to a phase-lag β = π, whereas in the SC
case, τ/τ0c = 0.5 yields a phase-lag β = π/2. Bourgouin et al. (2014) have investigated
this phenomenon analytically on the MICCA annular experiment. They found that for a
WC plenum mode, τ/τ0c leads to β = 0 (or π if Re(fc) > Re(f
0
c ) as in Figure 7) and then
decreases with the time-delay. For SC modes, network models show that the maximum
coupling is obtained when β = π/2 for this N = 4 burner configuration (Bauerheim et al.
2014b).
3. Degenerate modes and symmetry breaking
A specificity of azimuthal modes is degeneracy: an acoustic mode in a simple annular
chamber can turn clockwise or counter-clockwise, leading to two possible modes for each
eigenfrequency. Understanding when and how azimuthal modes are degenerate brings up
many other issues such as symmetry breaking which are discussed below.
3.1. Mixing different burner types
Frequencies and stability maps obtained in Section 2.1 have been validated against 3D
acoustic simulations in many applications, from academic combustors (Bauerheim et al.
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2014b,a) to industrial gas turbines (Parmentier et al. 2012; Bauerheim et al. 2015).
However, only axisymmetric combustors were investigated. Recently, the need for con-
sidering non-symmetric combustors has been considered, mainly for investigating novel
passive techniques to control azimuthal modes. For instance, introducing Helmholtz res-
onators (Stow & Dowling 2003; Campa & Camporeale 2014), baﬄes (Dawson & Worth
2014), or different types of burners (Berenbrink & Hoffmann 2001; Moeck et al. 2010)
may damp unstable modes but may also break the rotational symmetry of the configu-
ration. For the latter option, choosing which burner types must be mixed in a chamber
and how to distribute them along the azimuthal direction to damp modes is an open
topic that analytical studies can help clarify.
Network models applied to a burner-chamber (BC) configuration (b in Figure 3) can
be used to extend the results of Section 2.1 to non-symmetric combustors containing an
arbitrary number of burners N (Bauerheim et al. 2014a). Burners can differ from each
other because of their geometric characteristics, which may lead to different FTFs for
each flame. This yields different coupling parameters Γ4,i (in a BC configuration, only
one type of coupling parameter exists, so that subscript 4 can be omitted). For WC
modes, the frequencies of the azimuthal mode of order m are
f±m =
mc0
2Lc
−
c0
4πLc
(Σ0 ± S0) (3.1)
where
Σ0 =
N∑
i=1
Γ0i and S0 =
√√√√ N∑
i,j=1
Γ0iΓ
0
j cos
(
4mπ
N
(j − i)
)
. (3.2)
This result demonstrates that the stability of non-symmetric annular combustors is
controlled by two parameters: (1) the “coupling strength” Σ0, which is the sum of all
coupling parameters of the system and is independent of the pattern used to distribute
the burners in the chamber. It corresponds to a symmetric effect associated to a “mean
flame” FTF. For instance, in a case with N = 24 burners with two types of burners,
characterized by a coupling parameter Γ0A (4 flames) and Γ
0
B (20 flames), the coupling
parameter is Σ0 = 4Γ
0
A + 20Γ
0
B. Thus, it is equivalent to using 24 identical burners with
a coupling parameter Γ0 = 4
24
Γ0A+
20
24
Γ0B. Consequently, this parameter can be changed,
for example by using 8 burners of type A and 16 of type B, to stabilize one or multiple
azimuthal modes (Figure 8) (Bauerheim et al. 2014a). (2) the “splitting strength” S0
is the quantity that “splits” the two azimuthal mode frequencies f+m and f
−
m (sign ± in
Eq. (3.2)). A convenient form for S0 is obtained by using the spatial Fourier transform
of the coupling parameter distribution γ
S0 =
√
γ(2m)γ(−2m), where γ(k) =
N∑
i=1
Γ0i e
−
j2kpii
N . (3.3)
It shows that only specific patterns can affect the azimuthal mode stability. They cor-
respond to the ±2mth Fourier coefficient γ of the coupling parameter or heat-release
distribution. Therefore, unlike the coupling strength Σ0, this parameter can be changed
by modifying the pattern of the burner types along the annular chamber.
Note that since the splitting strength damps one mode but always increases the growth
rate of the second one by Im(S0)/2, using a non-zero splitting strength always makes
the system less stable (Figure 8): according to theory, combining different burners is
not a solution to control one mode. However, mixing different burner types can become
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Figure 8. Three stability cases given by the normalized growth rate Im(ǫ±) = 2piLc
c0
Im(f±)
of the two components (X and squares) depending on the coupling strength Σ0 and splitting
strength S0. (a) The coupling strength leads to an unstable mode. (b) The coupling strength
leads to a stable mode since the splitting strength is low. (c) The coupling strength should lead
to a stable mode, but because of a high splitting strength, one of its component is unstable.
Figure 9. The reduced splitting strength K for several patterns where two burners of type A
are kept together at the same place and two others are changed azimuthally so that only one pa-
rameter controls the burner distribution: the angle ∆θ. Optimal patterns are found analytically
to reduce the splitting strength, for example using ∆θ = 75◦ yields K = 0 (right).
useful to modify Σ0 in order to control multiple modes, or one acoustic mode at different
operating points. In this case, the burners can be rearranged along the annular chamber
to reduce the splitting strength. For instance, when only two burner types are used, the
splitting strength reduces to
‖S0‖ = 2K
∥∥Γ0A − Γ0B∥∥ , (3.4)
where K is a constant that only depends on the pattern (Bauerheim et al. 2014a) whereas
Γ0A − Γ
0
B depends only on the response difference between the two burner types.
Equation (3.4) shows that the splitting strength increases when the difference between
the two burner types ‖Γ0A−Γ
0
B‖ increases, which is necessary to control modes by chang-
ing significantly Σ0. But it also reveals that the splitting strength can be reduced by
changing the pattern, i.e. K: an optimization procedure over all patterns possible can
be performed to find the pattern that minimizes K, in order to suppress this side-effect
due to splitting. Determining all patterns that lead to K = 0 is a complicated mathe-
Analytical methods for azimuthal thermo-acoustic modes
matical exercise in general. For example, in a 24 burner machine, where 4 “different”
(Type 2, white in Figure 9) burners are inserted in the annulus (Berenbrink & Hoffmann
2001) as two pairs of burners separated by an angle ∆θ, analytical results show that
specific rearrangements of burners can lead to K = 0, and therefore a zero splitting effect
(Figure 9, when ∆θ = 75◦ or ∆θ = 225◦) (Bauerheim et al. 2014a). Again, such an
optimization procedure is made possible only because of recent progress in theoretical
tools for thermo-acoustics, since computing all patterns with a 3D Helmholtz solver is
not feasible yet (more than 2000 patterns exist for a 24 burner configuration with NA = 4
burners of type A, and more than 77, 000 for NA = 6.).
3.2. Breaking symmetry to control azimuthal modes
For annular combustors, splitting can be introduced on purpose or be a consequence
of undesired differences in burners due to manufacturing tolerances. When splitting is
introduced on purpose by the engine designers, the objective is usually to damp unstable
modes: symmetry breaking is created by mixing different burner types (Section 3.1) which
is called Geometrical Symmetry (GS) breaking (Bauerheim et al. 2014b). Other types
of symmetry breaking can be investigated to highlight their effect on azimuthal mode
stability. For instance, the introduction of a mean swirl motion, called Flow Symmetry
(FS) breaking, has been investigated recently (Bauerheim et al. 2014b). It shows that an
additional splitting effect due to the mean flow is present and can interact non-linearly
with the splitting due to the GS breaking S0
SM =
√
S20 + 4π
2M2θ (3.5)
where SM is the total splitting strength andMθ is the mean azimuthal Mach number. The
anaytical solution of the dispersion equation allows to analyse three typical situations:
• GS breaking: When ‖S0‖ >> 2πMθ, the splitting is mainly affected by the difference
between burners, ie by GS breaking. When Im(S0) 6= 0, splitting always makes the mode
less stable, as mentioned by Davey & Salwen (1994) for hydrodynamic modes. Note that
this conclusion may differ for SC modes (Salas 2013).
• FS breaking: If ‖S0‖ << 2πMθ, the symmetry breaking is driven by the flow itself.
However, since Mθ is real, the resulting splitting strength has a null imaginary part: the
mode is non-degenerate but the stability is unchanged.
• FS+GS breaking: When both S0 and Mθ are significant, the two splitting effects
(FS and GS) interact non-linearly (the resulting splitting strength is not just the sum of
S0 and 2πMθ): FS breaking can increase or decrease the splitting effect and affect the
stability of the configuration.
This result suggests that symmetry breaking is an important element of control strate-
gies for azimuthal modes (using, for example, baﬄes or Helmholtz resonators to damp
acoustic modes). Other engine modifications can also produce symmetry breaking: intro-
ducing additional effusive plates will induce a mean swirl and a FS breaking effect; adding
spark plugs or ignition injectors will introduce GS breaking. Even if thermo-acoustics was
not the reason for these modifications, it will be affected by these changes.
4. Conclusion
Mechanisms leading to azimuthal instabilities in annular chambers have been investi-
gated using theoretical methods based on one-dimensional acoustic networks and flame
transfer functions. These theoretical tools are mandatory to understand experimental
Bauerheim & Poinsot
and LES results as they provide direct insight into the effects of symmetry breaking and
the structure of modes appearing in these chambers.
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